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Abstract
Solutions for certain discrete integrable systems are constructed by using
integral solutions for hypergeometric g-difference systems with |¢g| = 1. We

apply a solution for Lauricella’s D-type hypergeometric g-difference system
with |g| = 1 to construct a solution for the discrete KP-hierarchy. Furthermore,
an integral solution of a g-difference analogue of Bessel’s equation is newly
introduced and applied to construct a solution for a g-difference analogue of
the cylindrical Toda equation with |g| = 1.

PACS numbers: 02.30.Gp, 02.10.Ab, 02.30.1k, 02.40.-k, 05.45.-a

1. Introduction

Inrecent progress on studies on the quantum integrable systems and the representation theory of
quantum groups, g-analyses with |¢| = 1 have become of general interest. They are necessary
for massive field theory [27], for X X Z-models in the gapless regime and representation theory
on U,(sl(2, R)) and on SL,(2; R). Basic ideas for the construction of integral solutions
were introduced by Jimbo—Miwa and by Ruijsenaars. Jimbo and Miwa [5] used Kurokawa’s
double sine function for the construction of integral solutions for the quantized Kniznik—
Zamolodchikov equation with |g| = 1 (see also [10, 11, 14, 15]). Ruijsenaars [25] introduced
generalized gamma functions and applied them to construct eigenfunctions of commuting
difference operators. Jimbo and Miwa’s idea is effective for hypergeometric g-difference
systems. Nishizawa and Ueno [17-19] constructed the solutions as the Barnes type and the
Euler type integrals. Takeyama [28] studied structures of the Barnes type solution from a
viewpoint of twisted g-de Rham cohomologies. Ponsot and Teschner [24] and Kharchev
et al [9] applied Nishizawa and Ueno’s solution to representations of U, (s/(2, R)).

We introduce some integral solutions for g-difference systems with |g| = 1 and apply
them to construct bilinear relations of some discrete integrable systems. In studies on nonlinear
integrable systems, various researchers applied special function theory to construct their
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solutions. Kametaka [7,8], Okamoto [21,22] and Nakamura [16] investigated hypergeometric
solutions of the Toda equation. With respect to discrete integrable systems, Kajiwara and
Satsuma [6] introduced a g-difference analogue of the cylindrical Toda equation, whose
solution is represented by using g-Bessel functions. Tokihiro et al [29,31] considered various
special function solutions based on the Darboux transformations. They gave a solution for
the discrete KP-hierarchy introduced by Miwa [13] and Ohta et al [23]. Their method is
applicable to the construction in the case when |¢| = 1. In this paper, we propose to give g-
special function solutions for nonlinear discrete integrable systems in the case when |g| = 1.
In section 2, we give a brief survey on Kurokawa’s double sine function and certain functions
which play important roles in the following section. In section 3, we construct a T-function of
the discrete KP-hierarchy by using an integral solution for Lauricella’s D-type hypergeometric
g-difference system with |g| = 1 [17]. It satisfies the same contiguous relations as those of
g-Lauricella’s hypergeometric function with 0 < g < 1 (cf [20]). We can use the same
machinery as Tokihiro et al [29] and can construct a special case of the Casorati type solution
for the bilinear relation introduced by Miwa [13] and Ohta ef al [23]. In section 4, we newly
introduce an integral solution for a g-difference analogue Bessel’s equation with |g| = 1 (we
call it the ‘g-Bessel function with |g| = 1°). In the case when 0 < ¢ < 1, some kinds of
g-analogues of the Bessel function are known (see e.g. [2]). Our solution corresponds to a
Barnes type integral of Jackson’s g-Bessel function [3,4]. We regard contiguous relations of
the integral as dispersion relations in a similar way to Kajiwara—Satsuma [6] and construct a
solution for their cylindrical g-Toda equation in the case when |g| = 1.

2. g-gamma function with |g| =1
In this section, we introduce the function which is important in the following argument. First,
we introduce Kurokawa’s double sine function S, (z|(w1, @»)) [1, 12].
Definition 2.1. For @ 1= (w1, w2) € C?, we define t2(s, z|w), T2 (z|w) and S>(z|w) as
O, zlw) = Y @+mo+mw) ™

my,my€Z>o

as
$(z|lw) = Fz(zlg)_lrz(wl +wy — Z|w).

0
2 (z|w) = exp <—§2(S, Z|2)|s—0>

It is known that the double sine function satisfies the functional relation

SH+wilew) 1 )

S (z|w) 2 sin Z)—f
By using this function, we can construct a ‘g-shifted factorial with [¢| = 1°. We suppose that
g=e"*0<w<1, o¢Q),ie. |g| =1andgq is not a root of unity. From now on, we

take a branch of a logarithm such that log g = 2wiw.

Definition 2.2. We define (z), ['(z) and B(z) as
< 1 ))
1, —
w

F2)=T@q) =vo (1-q) )"
['(@)T(b)
l:‘(a+b) '

(2) ={z;q) == iz—lq,z(z‘%nsz (Z

B(a,b) = B(a,b; q) :=
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These functions have the following properties:
Lemma 2.3. (1) (z) and T'(z) satisfy functional equations
()= =g z+1)
F'z+1) =1[z],I'(2) ra=1
where
1—gq*

il = = @

(2) (z) has simple poles at
ny
z=n+— (n1,n2 € Z5o)
w
and simple zeros at
np
Z:I’l1+z (nl,n2€Z<o).

(3) As |z| — oo within a sector not containing the real axis, (z) and I'(z; q) have asymptotic
behaviour:

_jom Imz >0
~ | exp[—7mifwz® — (1 +w)2)} + O(D)] Imz <0

[(z;q) = exp [(1 —2)log(g — 1) + (z — D) logi

z(z—1)
4

S w? w+1
+ logg F i — — > z ) +0(1) (for = Imz > 0).

2

This lemma follows from results of [5,26]. We note that (z) (resp. ['(z: ¢q)) satisfies the
same relation as the ¢-shifted factorial (¢%)oo = []7oo(1 — q**k) (resp. the g-gamma function
Iy :={0- q)l’Z ((qq:%) with0 < g < 1. Inthe case when |g| = 1, these infinite products do
not converge, however, we can construct an integral solution by using (z) and I'(z; ¢) instead
of (%) oo and I'y (2).

3. A solution of Lauricella’s hypergeometric g-difference system with |g| = 1

3.1. Construction of an integral solution

In this section, we introduce a g-special function solution for the discrete KP-hierarchy by
using an integral solution for Lauricella’s D-type hypergeometric g-difference system with
|g] = 1 [18]. First we recall the idea how the solution can be constructed. In the case when
0 < g < 1, the Jackson integral solution for Lauricella’s D-type hypergeometric g-difference
system [20] is represented as follows:

¢D<z>=¢0( @ b b b q)

c

1 D @)oo T (12kg™)oo dgt
_ a dq! 3
Bq((l, c—a) /(; ! g ]1:[1 (tzi)oo 1 ©
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where a, b; (j = 1,2,...,n) and ¢ are complex parameters, B, (x, y) is the g-beta function

(see [2]). This satisfies the following q-difference system:

{(1=cq ' THA = T,.) —z;(1 —aT)(1 — b;T, . )}pp(z) =0 (=12,...n)

{z;(1=0;T; . )A =Ty z) —z(1 — T, ;)1 _kaq,zk)}(pD(Z) =0, )
(I<j<k<n)

where T, ., is a g-shift operator actingon zx and 7, := T, ; T, ., --- T, ..

We introduce an integral solution of a q—difference analogue of Lauricella’s D-type
hypergeometric system with |¢| = 1 [17]. In this section, we suppose that ¢ = e>*i
0 <w<1, ¢ Q) and take such a branch of a logarithm that logg = 27iw. In order
that the integral makes sense, we impose the following conditions on the parameters a, b;
(j=1,2,...n)andc € C:

Conditions on parameters. We assume that

d—C¢Z>0 (5)

bi ¢ Zo for j=1,2,...,n (6)

Ra > 0 R(c—ij—2)>O. @)
j=1

Under these conditions, we can define the Euler integral Wp(x). Let us denote by K any
bounded domain in the region

fx=@1,x,....,x,)€C" |x; ¢ Zoforj=1,...,n}.
Definition 3.1. Suppose that a, b; and c satisfy (5)—(7) then, for x € K, we define Wp(x) by

a, by by ... b,
wD(x)=wD< bl DX q)

"
o 1 /100 as S+1 l—[ S+.Xk+bk ds
B(a,c—a) J=i (s +c—a) (s + xp)

where the contour lies on the right of the poles

ny ny
S = —Xp+n;+— s=a—c+n +— (ny1,ny € Zgo)
w w
and on the left of the poles
ny ny
S =—xp — by +m;+— s=—1+m;+— (my,my € Z.y)
w w

wherek =1,2,...,n

Then, we can see that W (x) is a solution of the system of difference equations which are
obtained by transforming the multiplicative variables of (4) to the additive variables.

Theorem 3.2.

(=g 'THA =T} =g (1 = q"TH( = g" T)HWp(x) =0 (G=12,...n)

{gv( - qbfT+)(1 -T) —q*(1 =T - qkaX:)}‘I’D(X) =0 3
(1 J<k<n)

where
(T+f)(x1,x2,...,xn) = O, XX L X, X))

T =T!T! T} TH :=T! ---TF,

x1 X Xit1 Xn
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3.2. A solution for the discrete KP-hierarchy

We note that Wy (x) satisfy similar contiguous relations [18] to those of the g-analogue of
Lauricella’s D-type hypergeometric function (cf [20]). Thus, we can use the same method as
Tokihiro et al [29]. If we define ¢ (k1, ks, ..., kn; t) as

¢(ki, ko, ... ky;t) := B(a,c —a)

a+t; bi—ki by—k ... by —ky
xWp c+t 4

i N
:/+ooq(a+t)s (s +1) l—[(S+Xj+bj—kj>ds
—ico (s+c—a) i (s +x;)

then, we can see that
¢(k1’k27 "'1kN; t) _¢(k17 ""kj—lvkj - l’kj+17 "'9kN; t)

=g gk Ky, kit + ). ©)
From now on, we introduce N-sets of parameters S; := {a?, {by)}ggigN, Y 1<j<N)
such that all §; satisfy conditions (5)—(7) and that vectors

(pikr, kay oo kN 0), .o @ik, ko, ..o kv N — 1)) (1<i<N)

are a linearly independent set where

pitki, ka, ... kyit) = B@?, ¢V —a®)

i) . (i) (@) @)
a” +t; b, —ky by’ —ky ... by —k
xWp 2 2 3(.) 3 N Neoxnoq ).
c+t
From relation (9), it follows that
1 a a% e aiv_z af’_zrl 7]
1 a a% e aév_z aév_zrzfz
det| . . ) ) ) =0 (10)
1 ay a% - a[]\\,]_2 alj\\,’_erfN
fork; € Z, where
aj =g ttihil for 1< j<N.
Ti=t(ki, ko, oo ki ki + L ki, o k)

‘E,‘ = ‘L'(k] +1,k2+1,...,ki_1 +1,ki,k,‘+1 +1,...,kN+1)
t(ki, ko, ..., ky) :=det[gi(ki, ka, ... kn; Dlo<ij<n -

Relation (10) is a special case of an autonomous version of the bilinear relation of the discrete
KP-hierarchy introduced in Miwa [13] and Ohta et al [23]. We obtain a g-special function
solution in the case when |¢| = 1.

4. g-Bessel function with |g| = 1

4.1. Construction of an integral solution

In this section, we construct an integral solution for a g-difference analogue of Bessel’s equation
in the case when |g| = 1. First, let us recall the case when 0 < ¢ < 1. We introduce a ¢g-
difference analogue of Bessel’s equation as

([0 +al[® —al+2°) f(2) =0 (11)
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where

1 — g¢
[9+al f(2) := w.

As g — 1, [ + ] coincides with the Euler operator
O +a) = zi + o
dz
and (11) coincides with Bessel’s differential equation (cf [30])
2
{zzj—zz +Zdiz +(2 - cxz)} f@) =0.
A solution of (11) can be represented as the following power series:
e (_ 1 )k Zot+2k
f@=2, 21“%T (@ +k+ Dok +1)
k=0 '<ig q q?
By using residue calculus, we can see that the above series f (z) has an integral representation

+ioco 1 jTZOt+2S
f@= / ds. (13)

100 [2]g+25qu(a +5+DTp(s+1) sinms

(12)

In the case when |g| = 1, the power series (12) does not converge. However, we can obtain
an integral solution like (13). We construct the integral by using I'(z; ¢) instead of ', (z).

/ 1 T[ZOHZS q
= = - s.
[2]g+25F(ot +s5+1;¢g)T(s +1; g?%) sinws
We note that the integral satisfies (11) if I'(z; q) satisfies lemma 2.3 (2) and if the integral con-

verges. Therefore, under the suitable condition on the parameter o, we can obtain an integral
solution for (11) even in the case |g| = 1.

From now on, we suppose ¢ := " (0 < < 1, w ¢ Q) and that log takes such a branch
that logg = miw. We introduce an integral solution of a g-difference analogue of Bessel’s
equation. In order that the integral makes sense, we impose a condition on the parameter o:

Rea > 1. (14)

Under this condition, let us define a real number § such that
T
0<8<7w(Reoz—l)

and a sector
Tw 3nw
S5 1= {z eC 5 +J < arg(z) < mwReo — — —8}.
We introduce an integrand function j, (s, z; ¢) and an integral J,(z; g) as follows:
Definition 4.1.
o+2s

1 b %4
[212T (e + s + 15 ¢2)T (s + 1; g?) sin s

Ju(8,2;5q) =

+100
Jo(z5 q) = / Ja(s,2;9)ds

ico
where the contour lies on the left of the poles
my
s=m;+— (m1€Z>0,m2€Z>o)
w
m

2
Ss=—a+m;+ — (m1 EZ>0,m2€Z>0).
w
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From lemma 2.3, j, (s, z; g¢) decays exponentially as s — Fioco. Thus, J,(z; ¢) is analytic in
the sector S5 and can be continued analytically. We can see that J,, (z; ¢) satisfies a g-difference
analogue of Bessel’s equation with |g| = 1.

Theorem 4.2.

([ + ][ — o] + 2%} Ju(z; ) = 0.

Proof. This theorem can be proved in a similar way to Nishizawa—Ueno [18]. We note that
Ja (s, z; q) satisfies

[0 +al[9 —alja(s. 2q) = =2 juls + 1. 2:9).
Thus, from the location of the poles of the integrand, we have

+ico +ioo

[P+ o] [0 — ] Ju(s, 2, ¢)ds = —ZZ/ Ja(s,2;g)ds
—ioco —ico
because these g-difference operators commute the integral. (|

4.2. Solution for the q-Toda equation with |q| = 1
We can see that J, (z; q) satisfies the contiguous relations

[P —al Ju(z;9) = —2J0r1(25 q) [P +a]l Jo(z; q) = 2de—1(z;q)  (15)

by using the same argument as the proof of theorem 4.2. Once we have these relation, we can
apply Kajiwara—Satsuma’s method [6] to construct a solution for a g-difference analogue of
the cylindrical Toda equation with |g| = 1.

We define 1,,(r) as

T, (r) 1= det[Jpsp+j—1 75 @ li<i, j<n
where p; (i = 1,..., N) are such constants that
Rep; > 1

and that the above determinant does not vanish. Forn > 1, 7, (r) satisfies the following bilinear
equation:

T (@ )T (r) — 72 (qr) = (1 — @) r* {Ta1(@r) Ta1(qr) — Ta(@*r) T, (r)}.

This is a bilinear relation for a g-difference analogue of the cylindrical Toda equation. We
have seen that a Kajiwara—Satsuma type solution can be constructed even in the case when

lgl = 1.

Acknowledgments

The author expresses his deep gratitude to the organizing committee of the workshop
‘Symmetries and Integrabilities of Difference Equations IV’ and to the referees for their
valuable comments. He also thanks S Kakei for helpful discussions and S Tsujimoto for
stimulating interest in this problem. The author is partially supported by a Grant-in-Aid for
Scientific Research from the Ministry of Education (12640046) and Waseda University Grant
for Special Research Project 2000A-172.



10646 M Nishizawa

References

(1
(2]

(3]
[4]
(3]
(6]

(71
[8]

[9]

[10]
[11]

[12]
[13]
[14]
[15]

[16]
[17]

[18]

[19]

[20]
[21]

[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]

[30]
[31]

Barnes E W 1901 Theory of the double gamma functions Phil. Trans. R. Soc. A 196 265-388

Gasper G and Rahman M Basic hypergeometric series Encyclopedia of Mathematics and its Applications vol 35
(Cambridge: Cambridge University Press)

Ismail M E H Jackson’s third g-Bessel functions Preprint

Jackson F H 1905 The basic gamma function and the elliptic gamma functions Proc. R. Soc. A 76 127-44

Jimbo M and Miwa T 1996 Quantized KZ equation with |¢g| = 1 and correlation functions of the X X Z model
in the gapless regime J. Phys. A: Math. Gen. 29 2923-58

Kajiwara K and Satsuma J 1991 g-difference version of the two-dimensional Toda lattice equation J. Phys. Soc.
Japan 60 3986-9

Kametaka Y 1984 On the telegraph equation and the Toda equation Proc. Japan Acad. A 60 79-81

Kametaka Y 1984 On the Euler—Poisson—-Darboux equation and the Toda equation I Proc. Japan Acad. A 60
145-8

Kametaka Y 1984 On the Euler—Poisson—-Darboux equation and the Toda equation Il Proc. Japan Acad. A 60
1814

Kharchev S, Lebedev D and Semenov-Tian-Shansky M 2001 Unitary representations of U, (s/(2, R)), the
modular double and the multiparticle g-deformed Toda chains Preprint hep-th/0102180

Kojima T 2000 The 19-vertex model at critical regime |q| = 1 Preprint nlinS1/0005022

Kojima T 2001 An integral representation of boundary quantum Kniznik—Zamolodchikov equations associated
with U, (sAl,,) for |¢| = 1 Preprint nlinSI/0101001

Kurokawa N 1992 Multiple sine functions and Selberg zeta functions Proc. Japan. Acad. A 68 256—-60

Miwa T 1982 On Hirota’s difference equations Proc. Japan. Acad. A 58 9-10

Miwa T and Takeyama Y 1999 Determinant formula for the solutions of quantum Kniznik—Zamolodchikov
equation with |g| = 1 Contemp. Math. 248 377-93

Miwa T, Takeyama Y and Tarasov V 1999 Determinant formula for solutions of quantum Kniznik—
Zamolodchikov equation associated with U, (sl,) at |g| = 1 Publ. RIMS, Kyoto Univ. 35 871-92

Nakamura A 1996 Toda equation and its solutions in special functions J. Phys. Soc. Japan 65 1589-97

Nishizawa M 1998 On a solution of a ¢g-difference analogue of Lauricella’s hypergeometric equation with |g| = 1
Publ. RIMS, Kyoto Univ. 34 277-90

Nishizawa M and Ueno K Integral solutions of g-difference equations of the hypergeometric type with |g| = 1
Proc. Workshop on Infinite Analysis—Integral Systems and Representation Theory IIAS Report No 1997-001
pp 247-55

Nishizawa M and Ueno K 1999 Integral solutions for hypergeometric g-difference systems with |g| = 1 Physics
and Combinatorics 1999 ed A N Kirillov, A Tsuchiya and H Umemura (Singapore: World Scientific) pp 273—
86

Noumi M 1992 Quantum Grassmannian and g-hypergeometric series Centrum voor Wiskunde en Informatica
Quarterly 5 293-307

Okamoto K 1987 Sur les échelles associées aux fonctions spécials et I’equation de Toda J. Fac. Sci. Univ. Tokyo
1 A 34709-40

Okamoto K Bicklund transformation of classical orthogonal polynomials Algebr. Anal. Il 647-57

Ohta Y, Hirota R, Tsujimoto S and Imai T 1993 Casorati and discrete gram type determinant representation of
solution to the discrete KP hierarchy J. Phys. Soc. Japan 62 1872-86

Ponsot B and Teschner J 2000 Clebsch—Gordan and Racah—Wigner coefficients for a continious series of
representations of U, (s/(2, R)) Preprint mathQA/0007097

Ruijsenaars S N M 1997 First order difference equations and integrable quantum systems J. Math. Phys. 38
1069-146

Shintani T 1977 On a Kronecker limit formula for real quadratic fields J. Fac. Sci. Univ. Tokyo 1 A 24 167-99

Smirnov F Form factors in completely integral model of quantum field theory Advanced Series in Mathematical
Physics vol 14 (Singapore: World Scientific)

Takeyama Y 2000 The g-twisted cohomology and the g-hypergeometric function at |¢g| = 1 Preprint
math.QA/0005071

Tokihiro T, Satsuma J and Willox R 1997 On special solutions to nonlinear integrable equations Phys. Lett. A
236 23-9

Whittaker E T and Watson G N A Course of Modern Analysis 4th edn (Cambridge: Cambridge University Press)

Willox R, Tokihiro T and Satsuma J 1997 Darboux and binary Darboux transformations for the nonautonomous
discrete KP equation J. Math. Phys. 38 6455-69



